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Doppler cooling with lasers is essential to ions’ trapping and also a preliminary step towards
achievement of ultracold ions. Due to lack of effective tools, experimentally monitoring the ions’
temperature and the laser-ion coupling is difficult in Doppler cooling. Here we analytically explore
the Doppler cooling process of trapped ions, exemplified by 40Ca+, by solving the friction coefficient
in the Doppler cooling with respect to a thermal bath, particularly, to a bath with large heating
rate. We show four regions for cooling and heating induced by the three-level electromagnetically
induced transparency and propose a practical method for measuring the Rabi frequency by the
Doppler cooling window. In addition, the final temperature of the laser-cooled ions can be obtained
analytically in the case of a weak thermal bath, whereas for the strong thermal bath this requires
numerical treatment due to involvement of the Doppler shift and large Lamb-Dicke parameter. Our
analytic results would help for understanding many experimental observations, such as configuration
phase transition, phonon laser and thermodynamics regarding hot trapped ions.
I. INTRODUCTION
Cooling the ions by lasers in the electromagnetic po-
tential is essential to many applications, such as stable
confinement of the ions for precision measurements [1–4]
and manipulation of the ions for quantum information
processing[5–7]. Doppler cooling is the basic technique
employed in ion-trap systems and also the preliminary
step to further cooling of the ions down to the ultracold
states [8–11].
Doppler cooling could be generally understood by two
levels, in which the laser with frequency tuned slightly
below the two-level resonance frequency could gradually
dissipate the kinetic energy of the two-level system by
means of Doppler effect [12, 13]. But practically, Doppler
cooling usually applies to multi-level systems, in which
dark resonance [14–16] occurs in the fluorescence signal
and cooling efficiency is related to several factors [17–
19]. To investigate the cooling mechanism, some numer-
ical efforts have been made based on multi-processes of
coherent population transfer [20]. Moreover, most char-
acteristic quantities of the ions during the Doppler cool-
ing are hard to measure accurately. For example, tem-
perature of the ions, in the absence of elaborate side-
band spectroscopy, has to be determined by some special
means [20]. Besides, the laser-ion coupling, i.e., the Rabi
frequency, in the range from few tenth to hundreds of
phonons, is also unavailable to measure.
In this work, we try to propose a practical method to
determine the final temperature and the Rabi frequency
regarding the ions by an analytic investigation of the
Doppler cooling process, which would be of great help
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FIG. 1: (Color online) Low-lying energy levels of 40Ca+ ion
and associated transitions regarding Doppler cooling, where
the laser wavelength, the detuning and the branching ratio are
labeled in each transition. The lifetime of the excited state is
also labeled. The 397 nm laser is called the cooling laser and
the 866 nm laser applies for repumping.
for understanding some important characteristics of the
ions in hot states. For our purpose of analytic study,
we model a three-level system, exemplified by the 40Ca+
ion, whose Doppler cooling consists of two lasers, be-
having as an electromagnetically induced transparency
(EIT) configuration [21]. In contrast to the multi-level
consideration under Zeeman splitting induced by exter-
nal magnetic field [20], our model is analytically solvable
and experimentally relevant. We explore the cooling ef-
fect on the trapped ions, denoted by friction coefficients
and final temperature, in an analytic fashion. Some of
the important characteristics of the hot ions, such as the
Rabi frequency and temperature variation, can be ob-
tained from our theory. As a result, our analytic results
would be very useful for monitoring the trapped ions at
temperature in the range from tens of mK to hundreds
of mK.
2As an example, we sketch energy levels of the trapped
40Ca+ ion system in Fig. 1 that the 397 nm laser with de-
tuning ∆ drives the transition between the excited state
|4P1/2〉 and the ground state |4S1/2〉, which plays the
main role of cooling [22–24]. The other transition be-
tween |4P1/2〉 and the metastable state |3D3/2〉, driven
by the 866 nm laser with detuning δ, is to repump the
6% leakage of spontaneous emission back to |4P1/2〉. The
lifetime of |4P1/2〉 is τ = 7.1 ns, corresponding to the de-
cay rate Γ/2pi = 22.4 MHz. The branching ratios of the
decay from |4P1/2〉 to |4S1/2〉 and to |3D3/2〉 are, respec-
tively, 94% and 6%, implying Γ2/Γ1 = 0.064≪ 1.
In the following sections, we first analytically discuss
the friction coefficient in the Doppler cooling and the low-
est temperature reached finally by the Doppler cooling
for different baths. To better understand our theory, we
start from a general two-level system and derive the uni-
versal three-level Doppler cooling formulations in com-
parison with the two-level counterparts. For the baths
with different heating rates, we try below to explore the
cooling mechanism analytically in the weak heating case,
and numerically for the strong heating situation. Finally,
we summarize our theory with a brief discussion.
II. SOLUTION WITHOUT THERMAL BATH
A. Friction Coefficient in a Two-Level System
A Doppler cooling process for a two-level system is
plotted in Fig. 2(a). In a rotating frame with respect to
the laser frequency, the Hamiltonian for z-axis motion is
written as (~ = 1),
Hr1 = −
∆
2
σz +
Ω
2
(|e〉〈g|eik1z cos θ + h.c.), (1)
where ∆ = ω − ωz is the detuning of the laser frequency
ω with respect to the two-level resonance frequency ωz,
σz,x are usual Pauli operators for the two levels |g〉 and
|e〉, Ω is the laser-induced Rabi frequency and the laser
beam in the xz plane has an intersection angle θ with
respect to z−axis. k1 is the wave number of the cooling
laser. The average force in the steady state ρs is given
by 〈F 〉 = −〈∇Hr1 〉, that is,
〈F 〉 = −Ωk1 cos θ
2
(iTr[ρs|e〉〈g|]eik1z cos θ + h.c.), (2)
which can be reduced, due to k1z cos θ ≪ 1 after the
Doppler cooling, to,
〈F 〉 = −Ωk1 cos θ
2
Tr[ρsσy]. (3)
So the average force 〈F 〉 can be solved if the solution of
Tr[ρsσy] is available (See Appendix A for more details).
Using the saturation parameter s := 2Ω2/Γ2, Eq. (3)
can be rewritten as
〈F 〉 = k1 cos θΓ
2
s
1 + s+ 4(∆¯/Γ)2
, (4)
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FIG. 2: (Color online) (a) Doppler cooling scheme for two
levels. A laser with the frequency ω, detuning ∆ and Rabi
frequency Ω drives the transition between the excited state |e〉
and ground state |g〉. Γ denotes the decay rate from |e〉 to |g〉.
(b) Doppler cooling scheme for three levels. The two lasers
with the detuning ∆ (δ) and Rabi frequency Ω (Ω¯) drive the
transitions between the ground state |1〉 (|2〉) and the excited
state |3〉. ω and ω¯ denote the frequencies of the two lasers,
respectively. The decay rates from the excited state |3〉 to |1〉
and |2〉 correspond to Γ1 and Γ2.
where the velocity-dependent detuning is defined as ∆¯ =
k1vz cos θ−∆ with the velocity vz satisfying k1vz cos θ ≪
∆. If ∆¯→ 0 and s → ∞, we have 〈F 〉 = (1/2)Γk1 cos θ,
which happens in the case of the maximum momentum
change due to absorption of a single photon in unit time.
Besides, expanding the force as 〈F 〉 = F0 − βvz +O(v2z )
at the point vz = 0, we obtain the constant force F0 =
k1Γs cos θ/2[1 + s+ 4(∆/Γ)
2] and the friction coefficient
β = − 4(k1 cos θ)
2s∆
Γ(1 + s+ 4∆2/Γ2)2
. (5)
From Eq. (5), we see that, for a given s, the fric-
tion coefficient β reaches the maximum value at ∆ =
−
√
(1 + s)Γ2/12, while for a given ∆, β is maximized at
s = 1+ 4∆2/Γ2. If both of the two above conditions are
satisfied, we have βmax = (k1 cos θ)
2/4 when ∆ = −Γ/2
and s = 2 (see Fig. 3). On the other hand, it can be seen
that a red-detuned laser (∆ < 0) creates cooling whereas
the blue-detuned laser (∆ > 0) yields heating, as plotted
in Fig. 3.
B. Friction Coefficient in a Three-Level System
Extending above treatment to a three-level system, as
showed in Fig. 2(b), we add an auxiliary repumping laser
to drive the population between the levels |2〉 and |3〉.
Under a unitary transformation, i.e., Hr2 = e
−iRtHeiRt+
R with R = ω|1〉〈1|+ ω¯|2〉〈2|, H turns to be
Hr2 = ∆|1〉〈1|+ δ|2〉〈2|+
Ω
2
(|3〉〈1|eik1z cos θ + h.c.) +
Ω¯
2
(|3〉〈2|e−ik2z cos θ cos θ¯ + h.c.), (6)
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FIG. 3: (Color online) Friction coefficient as a function of the
detuning ∆. The red dashed and black solid curves denote,
respectively, the analytic result (Eq. (5)) and numerical result
(Eq. (B3) in Appendix B). Inset: the force as a function
of the detuning ∆ by numerical solution (black solid curve)
and analytic solution (red dashed curve), respectively. The
units of force and friction coefficient are µ0 = 10
−21 N and
ν0 = 10
−21 N· s/m. The parameters are set as Γ/2π = 22.4
MHz, k1 = 2π/397 × 10
9 m−1, θ = π/4, vz = 0, and Ω = Γ,
respectively.
where θ¯ is the intersection angle between the repump-
ing laser and the x-z plane [25], ∆ = ω1 + ω − ω3 and
δ = ω2 + ω¯ − ω3 with ωi the energy of the level |i〉.
σijx = |i〉〈j| + |j〉〈i| and k1 (k2) is the wave number of
the cooling (repumping) laser. In the steady state, using
〈F 〉 = −〈∇Hr2 〉, we obtain the average force as
〈F 〉 = −Ωk1 cos θ
2
(iTr[ρs|3〉〈1|]eik1z cos θ + h.c.) + (7)
Ω¯k2 cos θ cos θ¯
2
(iTr[ρs|3〉〈2|]e−ik2z cos θ2 cos θ¯ + h.c.),
where ρs is the steady state of the three-level system.
In general, we have k1z cos θ, k2z cos θ cos θ¯ ≪ 1 for the
steady state in Doppler cooling limit. Thus, we obtain
〈F 〉 = −Ωk1 cos θ
2
Tr[ρsσ
13
y ] +
Ω¯k2 cos θ cos θ¯
2
Tr[ρsσ
23
y ],
(8)
where σkjy = i|j〉〈k| − i|k〉〈j|. More specific solution of
Eq. (8) can be found in Appendix C.
In the weak dissipation limit of Γ2/Γ1 → 0,
Tr[ρsσ
13
y ] ≈ 0 and 〈F 〉 can be obtained by inserting the
solution of Tr[ρsσ
13
y ] (from Eq. (C5) in Appendix C) into
Eq. (8), that is,
〈F 〉 = 4(∆¯− δ¯)
2Ω2Γ1k1 cos θ
N¯
, (9)
where the denominator is N¯ = 4(∆¯ − δ¯)2(4∆¯2 + 2Ω2 +
Γ21) + 8∆¯Ω¯
2(δ¯ − ∆¯) + (Ω2 + Ω¯2)2 with the velocity-
dependent detuning ∆¯ = ∆ − k1vz cos θ and δ¯ = δ +
k2vz cos θ cos θ¯ satisfying ∆ ≫ k1vz cos θ, k2vz cos θ cos θ¯.
In Fig. 4, the above analytic results are verified numeri-
cally by master equation. We find that the contribution
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FIG. 4: (Color online) Forces as functions of the detuning
∆. The black solid, magenta dotted-dashed, blue dotted, red
solid and green dashed curves denote the first term of the force
in Eq. (8), the second term of the force in Eq. (8), the analytic
force in Eq. (9), the total force in Eq. (8) and the numerical
calculation obtained by master equation, respectively. The
parameters are set as vz = 0, k1 = 2π/397 × 10
9 m−1, k2 =
2π/866 × 109 m−1, Γ/2π = 22.4 MHz, Ω = Γ, Ω¯/Ω = 2.5,
δ = Ω, Γ1 = 0.94Γ and Γ2 = 0.06Γ, respectively.
from the repumping laser is very small, since the first
term of Eq. (8) (black solid curve) gives the result very
close to the exact solution. In addition, the analytic solu-
tion (blue dotted curve) in Eq. (9) obtained in the limit
Γ2/Γ1 → 0 also agrees with the exact solution very well.
If we expand the force in Eq. (9) around the point
vz = 0, i.e., 〈F 〉 = F0 − βvz + O(v2z), a constant force
reads F0 = 4(∆ − δ)2Ω2Γ1k1 cos θ/N with N = 4(∆ −
δ)2(4∆2+2Ω2+Γ21)+8(δ−∆)∆Ω¯2+(Ω2+Ω¯2)2. In this
case, the friction coefficient turns to be,
β = 4Ω2Γ1k1 cos
2 θ(
N2
N
− N1
N2
), (10)
where N1 = 8(∆ − δ)2[Ω¯2(δk1 − 2∆k1 − ∆k2 cos θ¯) +
4∆(∆− δ)2k1 + (∆− δ)(k1 + k2 cos θ¯)(4∆2 + 2Ω2 + Γ21)]
and N2 = 2(∆− δ)(k1 + k2 cos θ¯). For the case of δ = ∆,
we have β = 0, which is the dark resonance observed pre-
viously in various experiments, implying that the laser
has no cooling effect [20]. Moreover, we have to mention
that a more exact analytic solution for the friction coeffi-
cient can be obtained by substituting Eq. (C3) into Eq.
(8) and expanding 〈F 〉 to the first order of vz . Such a
solution can fit the numerical results better, but with a
more complicated form than Eq. (10).
For clarity, we plot the phase diagram for the friction
vs the detunings ∆ and δ in Fig. 5(a), where the diagonal
line corresponds to ∆ = δ, implying β = 0 due to the EIT
that no photon absorption occurs. Besides, for a given
detuning δ, the change of ∆ can also yield β = 0 by
satisfying the condition N1 − NN2 = 0 (see Eq. (10)),
which gives two solutions mathematically on either side
of the EIT point, i.e., ∆ = δ. The detuning ∆ across
these three solutions of β = 0, as plotted in Fig. 5(b),
4FIG. 5: (Color online) (a) Friction coefficient as functions
of the detunings ∆ and δ, where the white line denotes the
boundary corresponding to the EIT point (∆ = δ). (b) Three
special cases with δ = −Γ, 0,Γ in (a). (c) Friction coefficient
as a function of the detuning ∆ for different values of Rabi
frequency Ω with δ = 0. Other parameters are the same as
in Fig. 4. Positive (negative) values of the friction coefficient
mean cooling (heating) effect.
switches repeatedly the sign of β which means alternate
occurrence of heating (β < 0) and cooling (β > 0). The
latter two solutions are related to the Rabi frequency Ω
(see Fig. 5(c)), and a suitable Rabi frequency Ω (≈ Γ)
creates a large friction coefficient.
C. Final Temperature
Spontaneous emission of the trapped ions induces the
diffusion of wave packet which leads to a heating effect.
The diffusion coefficient D for the two-level system is
written as
D2 =
k21 cos
2 θΩ|〈σy〉|
4m2
(11)
and for the three-level system is
D =
k21 cos
2 θΩ|〈σ13y 〉|+ k22 cos2 θ cos2 θ¯Ω¯|〈σ23y 〉|
4m2
, (12)
where the values of 〈σy〉, 〈σ13y 〉 and 〈σ23y 〉 are available at
vz = 0. In the long time limit, the diffusion of velocity
in time interval τ is
(∆v)2 = 2Dτ. (13)
On the other hand, the friction coefficient leads to the
velocity decrease which is given by
∆v = −βv∞τ/m. (14)
Towards the end of the cooling process, these two ve-
locities should be of the same order of magnitude, that
is, ∆v = v∞. Thus, using above two equations, we ob-
tain v∞ =
√
2mD/β. Besides, the final temperature is
determined by TfkB/2 = mv
2
∞/2, which means
Tf =
2m2D
kBβ
. (15)
So for the two-level system, we obtain the final temper-
ature as
Tf = −Γ
2 + 2Ω2 + 4∆2
8kB∆
. (16)
The maximum friction coefficient occurred at Ω = Γ
and ∆ = −Γ/2 (see Fig. 6(a)) corresponds to the
temperature Tf = Γ/kB = 1.07 mK in the case of
Γ/2pi = 22.4 MHz, and the final energy at this point
is εminf = mv
2
∞/2 = Γ [26]. Moreover, for a given Ω, the
temperature Tf has the smallest value
√
Γ2 + 2Ω2/2kB
at ∆ =
√
Γ2 + 2Ω2/2 which means Tf =
√
3Γ/2kB for
Ω = Γ. In the weak saturation limit s→ 0, i.e., Ω/Γ→ 0,
the final temperature is Tf = Γ/2kB. On the other hand,
the blue-detuned laser (∆ > 0) produces a negative fric-
tion coefficient β. Combined with the positive diffusion
coefficient, D leads to a negative value of temperature
Tf , implying the heating effect. In this context, the ions
would escape from the trap when Tf <0. As a result,
the negative values of Tf are not real temperature to be
measured.
FIG. 6: (Color online) (a) Final temperature as a function
of the detuning ∆ for two-level system. (b) Final tempera-
ture as functions of the detunings ∆ and δ for three-level sys-
tem, where the white line denotes the transparency boundary
∆ = δ. (c) Three special cases: δ = −Γ, 0,Γ in (b). (d) Final
temperature in a three-level system as a function of the de-
tuning ∆ for different values of Rabi frequency Ω with δ = 0.
Other parameters are the same as in Fig. 4. The negative
temperature, originated from β <0, implies heating.
5For the three-level system, under the condition of
Γ1 ≫ Γ2, we employ D = k21 cos2 θΩ|〈σ13y 〉|/4m2 and
the friction coefficient β given in Eq. (10). Therefore, we
obtain
Tf =
(∆− δ)2
kBNh
, (17)
where Nh = N2/k1 cos θ−N1/Nk1 cos θ. In Fig. 6(b), we
plot the phase diagram of temperature in variation with
the detunings ∆ and δ under the condition of Ω/Ω¯ = 0.4.
Around the EIT point for β = 0, both D and β are very
small due to weak absorption of photons, and D is much
smaller than β, i.e., D/β → 0, which leads to a much
lower temperature, even close to zero temperature (see
Fig. 6(b,d)). However, at other two zero points of β,
the photons are absorbed and scattered, which creates
a nonzero diffusion coefficient D. As indicated in Fig.
6(c,d)), the system is intensively heated around those
two points. The negative value of temperature in Fig. 6
corresponds to the negative β, implying a heating effect.
What’s more, Fig. 6 shows that there exists a lower fi-
nal temperature in three-level case than the counterpart
of two-level case for an appropriately large red-detuning
region (in the left-hand side of the left zero point of
β), where the final temperature varies similarly to the
two-level situation in the red-detuning region (see Fig.
6(a,c)), for example, for Ω = Γ, the lowest temperature
obtained by Eq. (16) is 0.47 mK, whereas by Eq. (17),
it is 0.34 mK.
D. Measuring Rabi Frequency by the Width of
Detuning Window
As mentioned in the Introduction, the coupling be-
tween the cooling laser and the ions in the Doppler cool-
ing process is hard to measure experimentally due to the
large linewidth of the excited state. Here we provide
a practical method to estimate this coupling, i.e., the
Rabi frequency regarding the cooling laser, by measur-
ing the width of the detuning window. Specifically, we
first consider the two-level case. Given a temperature
Tf , we obtain, by utilizing Eq. (16), the detuning win-
dow ∆w ≡ ∆+ −∆− =
√
4k2BT
2
f − (2Ω2 + Γ2) (also see
Fig. 7(a) for the explanation of the detuning window),
which turns to be,
Ω =
√
4k2BT
2
f − ~2∆2w − ~2Γ2
2~2
. (18)
For a large Tf , we have ∆w ≫ Γ, indicating Ω ∝ ∆w,
as plotted in Fig. 7(b). This method can be straightfor-
wardly extended to the three-level case using Eq. (17).
Considering finite values of Γ2, we plot Fig. 7(c,d) nu-
merically.
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FIG. 7: (Color online) (a) and (c) Final temperature as a
function of the detuning ∆ for two-level system and three-
level system (with δ = 0 in three-level system), respectively.
The width of detuning window is defined as ∆w = ∆+ −∆−
where ∆+ and ∆− are determined by the two points of the
curve at which temperature has a same value, such as 2 mK
in (a) and 2.5 mK in (c). (b) and (d) Rabi frequency as a
function of the width of detuning window ∆w with a given
temperature 2 mK in (b) and 2.5 mK in (d), respectively. The
dots and solid curves in (b) are, respectively, the numerical
calculation and the analytic result in Eq. (18), and the solid
curve in (d) is the numerical calculation. The parameters are
same as in Fig. 4.
III. SOLUTION WITH THERMAL BATH
A. Weak Heating Case
The real temperature reachable experimentally is al-
ways higher than that predicted in the Doppler cooling
limit due to involvement of the unexpected bath noises,
such as the fluctuation of electric and magnetic fields,
the radio-frequency heating and the collision with back-
ground atoms. Here, we assume that the bath is at a
high temperature which creates a constant heating effect
E˙e. Considering a weak heating, we may simply write the
heating effect as E˙h = E˙l + E˙e with the laser scattering
effect E˙l = 2mD. On the other hand, the cooling effect
induced by the laser is E˙c = −βv2∞. In the long time
limit, E˙c + E˙h = 0. So we have the final temperature as
T tf = Tf +
mE˙e
kBβ
. (19)
Fig. 8 presents the influence on the ion from the bath
noises. As expected, when the heating becomes stronger,
the final temperature turns to be higher, especially in
the large detuning situation where the friction coefficient
is relatively small whereas the heating effect E˙e keeps
constant so that T tf ∝ 1/β. On the other hand, at the
EIT point ∆ = δ, there is no photon absorption, implying
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FIG. 8: (Color online) Final temperature as a function of the
detuning ∆ under different bath heating effects E˙e for two-
level system (a) and three-level system (b). Parameters are
set as Ω = Γ and δ = 0. Here the unit of environmental heat-
ing effect E˙e is ǫe = 10
−21N2s/kg and the mass of 40Ca+ion
is m = 6.68× 10−26 kg. Other parameters are the same as in
Fig. 4. The negative temperature implies heating.
β = 0 and D = 0. But due to involvement of the bath
noise, here we always have E˙e > 0, which leads to a
high temperature. We plot both the two-level and three-
level cases in Fig. 8. In contrast to the simple curves
in two-level case (Fig. 8(a)), three-level case behaves
complicated, for example, existence of a cooling region
at the blue detuning (Type II in Fig. 8(b)), where the
temperature has two abrupt changes and also reaches a
lower temperature than the first cooling region (Type I in
Fig. 8(b)). In actual experiments, due to the requirement
of experimental conditions, the Doppler cooling is always
implemented in the first cooling region.
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FIG. 9: (Color online) (a) and (b) Rabi frequency as a func-
tion of the width of detuning window ∆w with a given tem-
perature (60 mK in (a) and 100 mK in (b)) for two- and
three-level systems, respectively, under the influence of en-
vironmental heating effect. Dots are the numerical calcula-
tion and curves denote a fitting by quadratic function. Here
E˙e = 5 × 10
−21 N2s/kg and m = 6.68 × 10−26 kg. Other
parameters are same as in Fig. 4.
On the other hand, in the presence of the environmen-
tal heating, the final temperature is mainly determined
by the environment, i.e., the second term being domi-
nant in Eq. (19). Thus, for a given temperature Tf , the
detuning window is determined by
kBβTf −mE˙e = 0. (20)
Numerical results of Eq. (20) shown in Fig. 9 demon-
strate a quadratic behaviour between the width of detun-
ing window and the Rabi frequency of the laser, which
is very different from the situation in absence of environ-
mental heating effect.
B. Strong heating case
In the strong heating case, we have to consider the
thermal effect regarding the velocity of the ions and the
detuning. First, we define the velocity-dependent detun-
ings ∆0 = (∆−k1vT cos θ) and δ0 = (δ+k2vT cos θ cos θ¯),
and the position z = z0 + δz := vT t + dvzt, where
the velocity vT is temperature-dependent obeying the
Maxwell-Boltzmann distribution of velocity vector, i.e.,
p(vT ) = e
−v2T /v
2
p/(vp
√
pi) with the most probable veloc-
ity vp =
√
2kBT/m. The fluctuation velocity dvz (esti-
mated by ~k1 cos θ/m) and the displacement δz = dvz/Γ
stem from the photon absorption. The first part of ∆0
or δ0 comes from the ions’ temperature which produces a
Doppler frequency shift, and the second part contains the
momentum effect of the photon which creates the cooling
effect and the friction coefficient.
In the present case, the Hamiltonian in Eq. (6) is
rewritten as
Hrs = ∆0|1〉〈1|+ δ0|2〉〈2|+
Ω
2
(|3〉〈1|eik1δz cos θ + h.c.)
+
Ω¯
2
(|3〉〈2|e−ik2δz cos θ cos θ¯ + h.c.). (21)
In general, z0 ≫ δz and v0z ≫ dvz . In the limit of
k1δz cos θ, k2δz cos θ cos θ¯ ≪ 1, the average force 〈F 〉 =
−〈∂Hrs/∂δz〉 is given by
〈F 〉 = −Ωk1 cos θ
2
Tr[ρsσ
13
y ] +
Ω¯k2 cos θ cos θ¯
2
Tr[ρsσ
23
y ],
(22)
which is of the same form as Eq. (8).
With the similar process as listed in Appendix C and
in the limit Γ2/Γ1 → 0, Eq. (22) is reduced to the same
form as Eq. (9) only by replacing ∆¯ and δ¯ by ∆¯ =
∆−k1(vT +dvz) cos θ and δ¯ = δ+k2(vT +dvz) cos θ cos θ¯,
respectively. Then expanding the average force around
dvz = 0, we have 〈F 〉 = F0 − β¯vT dvz + O((dvz)2) with
F0 being a constant of 〈F 〉 at dvz = 0, and the friction
coefficient
β¯vT = 4Ω
2Γ1k1 cos
2 θ(
N¯2
N¯0
− N¯1
N¯20
), (23)
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FIG. 10: (Color online) Friction β (a) and final temperature
Tf (b) as functions of the detuning ∆ with E˙e = 7×10
−21 and
m = 6.68× 10−26 kg. Red and black curves are calculated by
Eq. (19) and Eq. (25), respectively. (c) Numerical solutions
of Eq. (25) for ∆/Γ = −3 (black curve), −1.7 (blue curve)
and −1.56 (red curve) in (a) and (b) with fT = kBT β¯ −
m(2mD¯ + E˙e). Other parameters are the same as in Fig. 4.
where N¯0 is obtained by replacing vz in N¯ of Eq. (9)
by vT , N¯1 and N¯2 are obtained from N1 and N2 in Eq.
(10) by substituting ∆ and δ by ∆0 and δ0, respectively.
Compared with β in Eq. (10), Eq. (23) contains the
additional Doppler shift due to thermal effect. Thus,
the average friction coefficient at temperature T can be
obtained as
β¯ =
∫ ∞
−∞
p(vT )β¯vT dvT . (24)
Combining Eq. (15) and Eq. (19), we obtain the final
temperature determined by the following equation,
kBT β¯ −m(2mD¯ + E˙e) = 0, (25)
where D¯ =
∫∞
−∞
p(vT )D¯vT dvT with D¯vT calculated by
Eq. (12) in which ∆ and δ are replaced by ∆0 and δ0,
respectively. Specific calculation of this final temperature
shows a small red frequency shift with respect to Eq.
(19) for negative detuning, while a blue frequency shift
for positive detuning, see Fig. 10.
IV. CONCLUSION
In simulation of trapped ions’ motion, the Langevin
equation has usually been employed to describe the
stochastic dynamics in the Doppler cooling process,
where the dynamical process could be used to study var-
ious physical phenomena, e.g., phase transitions of ion-
crystal structure [27, 28]. In these cases, determining the
friction coefficient and finial temperature in the Doppler
cooling limit is quite important for understanding the
characteristic of the system, particularly due to the fact
that these two quantities are potential-independent and
thus need to be determined prior to the numerical simu-
lation (see Appendix D).
To summarize, we have developed an analytic investi-
gation for Doppler cooling process of trapped ions sub-
ject to thermal noises. Our theory could be immediately
applied to ion trap experiments, to determine some im-
portant quantities unavailable for detection and to help
understanding some experimentally observations regard-
ing hot trapped ions. Moreover, the analytic formulae
of the ions’ temperature and the Rabi frequency, as pre-
sented in our theory, would help us for discovering the
rich and complicated physics at atomic level. Therefore,
we consider that our theory developed here would be very
useful in hot-ions’ experiments for, such as configuration
phase transitions, phonon lasers and thermodynamics.
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Appendix A: solution of Tr[ρsσy ] for a two-level
system
In order to solve the Bloch equation for the two-level
system, we rewrite Hr1 in Eq. (1) as
Hr =
∆¯
2
σz +
Ω
2
σx, (A1)
where the velocity-dependent detuning is ∆¯ = (−∆ +
k1vz cos θ1) with the velocity defined as vz = z/t. Thus,
by using the Bloch equation we obtain
d
dt
〈ρgg〉 = Ω
2
〈σy〉+ Γ〈ρee〉,
d
dt
〈σx〉 = ∆¯〈σy〉 − Γ
2
〈σx〉, (A2)
d
dt
〈σy〉 = −∆¯〈σx〉+Ω〈σz〉 − Γ
2
〈σy〉,
where ρee = |e〉〈e| and ρgg = |g〉〈g|. The total probability
in the diagonal entries satisfies ρgg+ρee = 1. Solving Eq.
8(A2), we obtain
〈σy〉 = − 2ΩΓ
4∆¯2 + 2Ω2 + Γ2
. (A3)
Appendix B: the dynamical description of the
system
With the Bloch equation, the dynamics of the system
can be described as
d〈A(t)〉
dt
= i〈[Hr,A(t)]〉 + 〈ξA(t)〉, (B1)
where the notation 〈· · · 〉 denotes an average on steady
state and the Heisenberg operator A denotes the internal
operator of the system. The superoperator ξ describes
the spontaneous emission of the internal excited state,
that is
ξA =
∑
j
Γji
2
(2σ†ijAσij − σjjA−Aσjj), (B2)
with σij = |i〉〈j|, Γji being the rates of decay from the
excited state |j〉 down to the ground states |i〉.
On the other hand, dynamical evolution of the system
is described by the master equation as
ρ˙ = −i[Hr, ρ] +D(ρ,Γ), (B3)
where the superoperator D(ρ,Γ) = Γji(2σijρσ†ij −σjjρ−
ρσjj)/2 describes the spontaneous emission from the ex-
cited state |j〉 to the ground states |i〉. The steady state
ρs of the system is solved by making ρ˙s = 0, and then
the force in Eq. (3) can be numerically calculated. Nu-
merical solution of friction coefficient can be obtained by
the numerical derivative dF/dvz about the velocity vz.
As shown in Fig. 3, the analytic result fits well the nu-
merical simulation.
Appendix C: solution of Tr[ρsσ
13
y ] and Tr[ρsσ
23
y ] for a
three-level system
The dynamics of a three-level system can also be de-
scribed by Eq. (B1), and in the superoperator ξ there
are two decay paths with the decay rate Γ31 = Γ1 and
Γ32 = Γ2. In order to solve the Bloch equation, we
rewrite Hr2 in Eq. (6) as
Hr = ∆¯|1〉〈1|+ Ω
2
σ13x + δ¯|2〉〈2|+
Ω¯
2
σ23x , (C1)
where the velocity-dependent detuning ∆¯ = (∆ −
k1vz cos θ) and δ¯ = (δ + k2vz cos θ cos θ¯) with z = vzt.
Therefore, we obtain the Bloch equations of the opera-
tors as follows,
d
dt
〈ρ11〉 = Ω
2
〈σ13y 〉+ Γ1〈ρ33〉,
d
dt
〈ρ22〉 = Ω¯
2
〈σ23y 〉+ Γ2〈ρ33〉,
d
dt
〈σ12x = −(∆¯− δ¯)〈σ12y 〉+
Ω
2
〈σ23y 〉+
Ω¯
2
〈σ13y 〉,
d
dt
〈σ12y 〉 = (∆¯− δ¯)〈σ12x 〉+
Ω
2
〈σ23x 〉 −
Ω¯
2
〈σ13x 〉,
d
dt
〈σ13x 〉 = −∆¯〈σ13y 〉+
Ω¯
2
〈σ12y 〉 −
Γ1 + Γ2
2
〈σ13x 〉,(C2)
d
dt
〈σ13y 〉 = ∆¯〈σ13x 〉+Ω(〈ρ33〉 − 〈ρ11〉)−
Ω¯
2
〈σ12x 〉
−Γ1 + Γ2
2
〈σ13y 〉,
d
dt
〈σ23x 〉 = −δ¯〈σ23y 〉 −
Ω
2
〈σ12y 〉 −
Γ1 + Γ2
2
〈σ23x 〉,
d
dt
〈σ23y 〉 = δ¯〈σ23x 〉+ Ω¯(〈ρ33〉 − 〈ρ11〉)−
Ω
2
〈σ12x 〉
−Γ1 + Γ2
2
〈σ23y 〉,
where we have 〈ρ11〉+〈ρ22〉+〈ρ33〉 = 1. In general, the so-
lutions for Tr[ρsσ
13
y ] and Tr[ρsσ
23
y ] are very complicated.
Here we list them as
〈σ13y 〉 = −
ΩΩ¯2Γ1M1
M2 +M3 +M4
, 〈σ23y 〉 = −
Ω2Ω¯Γ2M1
M2 +M3 +M4
,
(C3)
whereM1 = 8(∆¯− δ¯)2(Γ1+Γ2),M2 = Ω¯6Γ1+Ω¯4[2(4(δ¯−
∆¯)∆¯ + Ω2)Γ1 + Ω
2Γ2], M3 = Ω
2Γ2[(4δ¯(∆¯ − δ¯) + Ω2)2 +
4(∆¯ − δ¯)2(Γ1 + Γ2)2] and M4 = Ω¯2[4(∆¯ − δ¯)2Γ31 +
2Ω2(4(∆¯ − δ¯)2 + Ω2)Γ2 + 8(∆¯ − δ¯)2Γ21Γ2 + Γ1(16(∆¯ −
δ¯)2∆¯2+8(∆¯− δ¯)2Ω2+Ω4+4(∆¯− δ¯)2Γ22)]. Eq. (C3) also
shows σ13y /σ
23
y = Ω¯Γ1/ΩΓ2. On the other hand, we can
also use Eq. (B3) to numerically solve σ13y and σ
23
y by
setting D(ρ,Γ1,Γ2) = Γ1|1〉〈3|ρ|3〉〈1|+ Γ2|2〉〈3|ρ|3〉〈2| −
(Γ1 +Γ2)(|3〉〈3|ρ+ ρ|3〉〈3|)/2. The inset of Fig. 3 shows
that the analytic curve fits perfectly the numerical curve.
Under the resonance condition ∆¯ = δ¯, we can obtain
〈σ13y 〉 = 0, 〈σ23y 〉 = 0, (C4)
which means that there will be no cooling effect and this
is called as dark resonance region. Moreover, since in our
experiment Γ1 ≫ Γ2, we have 〈σ13y 〉 ≫ 〈σ23y 〉, and thus
the cooling effect is mainly created by the first laser (see
Fig. 4). In the limit Γ2 → 0, we obtain
〈σ13y 〉 = −
8(∆¯− δ¯)2ΩΓ1
N¯
, (C5)
with N¯ = 4(∆¯− δ¯)2(4∆¯2 + 2Ω2 + Γ21) + 8(δ¯ − ∆¯)∆¯Ω¯2 +
(Ω2 + Ω¯2)2. In the limit δ¯ → 0 and Ω¯ → 0, we obtain
〈σ13y 〉 = −2ΩΓ1/[4∆¯2 + 2Ω2 + Γ21 + Ω4/4∆¯2], which is
different from Eq. (A3). The reason is that in the limit
δ¯ → 0 and Ω¯→ 0, the above calculating method for three
level system will diverge and leads to a wrong result.
9Appendix D: simulation for dynamical process of
ions
Motion of the trapped ions in the Doppler cooling pro-
cess can be fully described by the Langevin equation. At
a specific temperature T , the Langevin equation is given
by
mz¨ + βz˙ −∇ψ(z) = ξ(t), (D1)
where m is the mass of a single ion, z is the coordinate of
the ion, ψ(z) is the harmonic potential of the trap, i.e.,
ψ(z) = mω2zz
2/2 with the trap frequency ωz, β is the
friction coefficient produced by the laser cooling and ξ(t)
is the stochastic force induced by temperature T obeying
the following ensemble average relations: 〈ξ(t)〉 = 0 and
〈ξ(t)ξ(τ)〉 = 2βkBTδ(t− τ), where kB is the Boltzmann
constant and δ denotes the Dirac δ-function. In this equa-
tion, the friction coefficient, as an essential parameter,
should be determined before the dynamical simulation is
carried out. Our results, e.g., Eqs. (5) and (10), have
just addressed this issue and provided analytical forms
of β for different energy-level cases. Besides, estimating
ions’ temperature based on our analytical results is very
useful to optimize the Doppler cooling efficiency. For
three-dimensional case, the ion’s motion is described as
mr¨ + βr˙ −∇ϕ(r) = ξ(t) (D2)
where the position r = (x, y, z) and ϕ(r) is the three-
dimensional trap potential.
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